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Abstract. We determine the local spectrum of a central element of the com- 
plexified universal enveloping algebra of a compact connected Lie group at a 
smooth function as an element of L^{G). Based on this result we establish a 
corresponding local spectral radius formula. 



1. Introduction and statement of result 

Let / be a Schwartz function on R'* and let P{d) be a constant coefficient dif- 
ferential operator with complex coefficients. If 1 < p < oo, then it is known that 

(1.1) hm ||P(a)"/||y« = sup{|z|:ze{P(iA):AGsupp.F/r'}, 

in the extended positive real numbers, were J- f is the Fourier transform of / and 
A^"^ denotes the closure of a subset A of the complex plane. This result was first 
established by Tuan for real coefficients, see [U Theorem 2], and later by the authors 
for the general case, see [TJ Theorem 2.5]. 

In [T] we raised the question whether analogues of (|l.ip hold for other Lie groups, 
with P{d) replaced by an element of the center of the universal enveloping algebra, 
and whether such results could be interpreted as a local spectral radius formula, 
analogous to the case p = 1 on W^, see [U Corollary 5.4]. In order to explain this 
interpretation we recall a few relevant definitions from local spectral theory, see [2] , 
[3] and [9]. 

Let X be a Banach space, and T : Vt ^ X a closed operator with domain Vt- 
Then zq G C is said to be in the local resolvent set oi x E X, denoted by pt{x), if 
there is an open neighborhood C/ of in C, and an analytic function cf) : U Vt, 
sending z to 4>z, such that 

(1.2) {T-z)(f>,^x (zeU). 

The local spectrum axix) of T at x is the complement of pt{x) in C. 

The operator T is said to have the single-valued extension property (SVEP) if, 
for every non-empty open subset C/ C C, the only analytic solution cf) : U X 
of the equation (T — z)(j)z = (z G ?7) is the zero solution. This is equivalent to 
requiring that the analytic local resolvent function </) in (|1.2p is determined uniquely, 
so that we can speak of "the" analytic local resolvent function on pt{x)- 
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If T>T = X and T has SVEP, then, by Proposition 3.3.13], the local spectral 
radius formula 

(1.3) limsup ||r"xf /" = max{|z| : z e arix)} 

n — *oo 

holds for all X E X. If Vt — X, but T does not necessarily have SVEP, then 
by O Proposition 3.3.14] the set of a; G X for which p.3p holds is still always of 
the second category in X. If Vt = X and T has Bishop's property (/3) (see [3l 
Definition 1.2.5]; it is immediate that property (/3) implies SVEP), then, by [31 
Proposition 3.3.17], 

(1.4) lim IlT"xlli/"=max{lzl :zGaT(x)}, 

n — >oo 

for all X E X. 

Thus there exist general results concerning the validity of local spectral radius 
formulas, such as (|1.3p and (|1.4p . for bounded operators. We are not aware of such 
a priori guarantees for unbounded operators, and it is one of the main results in [1] 
that, for p = 1, the equality in (|1.1|1 can, in fact, be interpreted as a local spectral 
radius formula for a closed unbounded operatorjj 

To be precise, let Tp^o),i ■ C^O^'^) ^ L^iM"^) be defined canonically as Tp^g^^f = 
P{d)f, for / G C^(R'^). It is then easily seen, cf. [51 Section 4.2], that Tp(^o),i has 
a closed extension rp(a),i on L^{M.'^), with domain V^^^^^ ^ consisting of those 

/ G L^{W^) such that P{d)f is in L^{W^), and defined as fp(^o).if = P{d)f for 
f eVf . 

Then [1] Corollary 5.4] reads as follows: 

Theorem 1.1. The closed operator Tp(^g^ i on L'^(R'^) has SVEP. Furthermore, if 
f is a Schwartz function on W^, then 

Combined with (jl.ip this implies that the local spectral radius formula 

(1.5) Jim ||T;5(g)_ JU;/" = supjlz] : z G ^t,^,,,(/)} 
holds in the extended positive real numbers. 

This paper is concerned with the analogue of Theorem 11.11 for 1 < p < cxo, on 
a connected compact Lie group G, with Lie algebra g. We will replace P{d) with 
an element D in the center of the complexified universal enveloping algebra U{q)c, 
viewed as the algebra of left-invariant differential operators on G. In order to state 
the results, we need some preliminaries which will also be used in the proofs in the 
next section. 

We let ^ : C/(g)c ~^ U{2)c be the complex linear anti-homomorphism of U{g)c 
such that X'' — —X, for X G g. If S* is a distribution on G, and D G U{g)c, then 
-D5 is the distribution defined by 

{DS,^:)^{S,D^,jj) (^gC°°(G)). 

Since G is unimodular, this is compatible with the action of G on smooth functions. 



^For other values of p the problem is still open, although it is conjectured in |T| that the 
interpretation then holds as well. 
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For 1 < p < cx), and D e U{q)c, we define the operator Td,p : C°°(G) LP{G) 
canonically by TD,pf = Df, for / e C°°(G). Then, as in [3 Section 4.2], To.p has a 
closed extension T^^p on L'p(G), with domain 2?^;^ equal to those / G U'{G) such 

that the distribution I?/ is in LP{G), and defined as Tjj^pf — Df, for / e . 

Choose and fix representatives (tt, iJ^) for the unitary dual G of G. If tt G G 
(we will allow ourselves such abuse of notation), we let tt denote its contragredient 
representation, and Xrr : Z{U{q)c) C its infinitesimal character, defined on the 
center Z(C/(0)c) of [/(0)c. 

Let dg be the normalized Haar measure on G. If / G L^{G), and tt e G, define 
the Fourier transform J-f{Ti) of / at tt as 

(1.6) ^/(7r)= / /(5)7r(5)dgeEndc(i?.). 

JG 

Note that LP{G) C L^{G), for 1 < p < cx), so that the Fourier transform is defined 
on LP{G), for aU 1 < p < cx). 

Then we have the following result: 

Theorem 1.2. Let G be a connected compact Lie group and D S Z(U{q)c)- Let 
1 < p < oo. Then the closed extension T^ ^ ofTjj^p has SVEP. If f G°^{G), 
then the local spectrum ofT^^p at f ^ ^fn given by 

(1.7) ^fnjf) ^ ■ e SUpp.F/}^', 

and the local spectral radius formula 

(1.8) jim WnjWl^^^ ^ sup{|z| : z G ^f^Jf)} 
holds in the extended positive real numbers. 

Remark 1.3. Obviously, Theorem 11.21 is an analogue of Theorem 11.11 It would 
be premature to state a conjecture, but in view of these two results, the material 
presented in [T] and the proofs below, it is tempting to consider the possibility 
that Theorem 11.21 and Theorem 11.11 have a common generalization for Schwartz 
functions on connected reductive groups - or perhaps even symmetric spaces - 
including appropriate analogues of (II. 7|) and (II. 8p . 

2. Proofs 

We now turn to the proof of Theorem 11.21 which will occupy the remainder of 
the paper. It is based on results in [6J on the Fourier transform of smooth functions 
on a connected compact Lie group, which we will now recall. 

Let G be a connected compact Lie group, with Lie algebra g. Choose and fix a 
maximal torus T with Lie algebra t. Then = 3 © [0,0], where 3 is the center of 
and where [0,0] is either zero or semisimple. In the latter case, (t n [0,0])£ is a 
Cartan subalgebra of the semisimple complex Lie algebra [0,0]^ and we let A be 
the roots of [0,0]^ relative to (tn [0,0]){,. Fix a choice of positive roots, and hence 
a set of dominant weights on (t [~l [0, 

Let Fg = e t : expX = 1}, so that T = t/Fc. Then, according to [TOl 
Theorem 4.6.12], G is in bijective correspondence with the set Ag of complex linear 
forms A on tc such that 

(1) X{Tg) C 2ttiZ. 
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(2) A|(tn[g,g])^ is dominant integral. 

The correspondence is via highest weight modules for (tn [0,0])^,, but its precise 
form is not relevant for the present paper. Note that if — 0, i.e., if G = T, 
then the above result is still valid if one takes condition (2) to be vacuously fulfilled. 
As a notation in the sequel, we will let A € Ag correspond to (ttxjHx) e G. 

The space C°° (G) is a Frechet space when equipped with the seminorms pd (/) — 
\\Df\\oo, D g U{g)c, for / G C°°(G'). As is stated below, its counterpart on the 
Fourier series side is the space S{G) of rapidly decreasing operator valued functions 
on G, which we now define. Fix a norm on the dual of tc- Then S{G) is the space 
of functions (j) : Ag ^ IJ^^g Endc(-ff7r), such that 

(a) 0(A) e Endc(-ff7r;^) for aU A G Ag, and 

(b) sup;,gAg |A|1|<?!)(A)|| < 00, for all s e NU {0}. 

Here, and in the sequel, the norm of an element of Endc(i?ir) will always be its 
Hilbert-Schmidt norm. The space <S(G) becomes a Frechet space when equipped 
with the seminorms qs{4>) = sup;,,^^^ |A|*||(?i(A)||, for (j) G S{G) and s S NU {0}. 

Let / 6 L^{G). In view of the description of G above, the Fourier transform 
J-f of /, as defined in (|1.6p . can be regarded as an operator valued function on Ag 
which satisfies (a). With this in mind we can now give the following alternative 
formulation of some of the results from [6]: 

Theorem 2.1. If f e C°°{G), then Tf e S{G). Moreover, the map T : G°°{G) 
S{G) is a topological isomorphism of C°°{G) onto S{G). The inverse map is given 
as 

(2.1) (^-V)(5) - E d™(^) tr (0(^)^(5-')) (0 e 5(G), g G G), 

rreG 

where the series converges absolutely and uniformly on G. 

The part on absolute and uniform convergence also follows from [11 [7] . If G is a 
torus, then this result specializes to a well known statement from classical Fourier 
analysis. 

After these preparations, we can now prove Theorem 11.21 in a number of steps. 
Let D G Z{U{q)c), 1 < P < 00, and define To^p as in the introduction. If / G , 

then Df G LP{G) C i^(G), so that T{Df){Ti) is defined for aU vr G G. Since the 
matrix coefficients of tt are smooth, it is easily seen that 

HTD.,pf){Tr) = X.(^^)^/(vr) (/ G Vf^^,^ G G), 

which, since Xit{D'^) — Xs(^)i can also be written as 

HTdJ){^) = xAD)Tf{n) if G Vf^^,7re G). 

Lemma 2.2. If D e Z{U{5)c) andl<p< 00, then fD,p has SVEP. 

Proof. If f/ C C is open and non-empty, and d : U ^ T>f^ is analytic and such 
that {Td,p — z)(j)z — for z lE U, then taking Fourier transforms yields (x^(_D) — 
z)J-(j)z{TT) = 0, for all z E U and tt G G. If tt G G is fixed, we conclude that 
J-4)z{t^) = for all z G ?7 with at most one exception, which could possibly occur 
at Xfl-(-D) if XTt{D) G U. However, since J^4'z{7t) depends continuously on z, as a 
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consequence of the continuity of the inclusion LP{G) C L^{G), such an exception 
does, in fact, not occur. Hence J?^(/)z(7r) = 0, for all z ^ U and tt e G, so that ipz = 
for aU z £ J7 by the injectivity of the Fourier transform on L^{G). □ 

Lemma 2.3^ If f e C°°{G), D e Z{U{2)c) and I < p < oo, then the local 
spectrum ofTjj^p at J , as an element oj Dj;^ , is given by 

Proof. We first estabUsh that 

(2.2) pf^ Jf) C C \ {xff(D) : TT G snppTff . 

To this end, suppose that Xffl-D) G pf^ (/), for some tt G G. Then there exist 
a neighborhood U of XitiD), and an analytic function 4> : U ^ ^^'^^ that 

{Td,p — z)(j)z = /, for z E U. Taking the Fourier transform at this particular vr gives 

ix^D) - z)TM^) = ^/W {z G U). 
Since Xfi-(-D) is in U, we can specify z at this value and conclude that J-f{'K) ~ 
whenever x#(^) £ Pfn other words, if Xt {D) : G — > C denotes the function 

which sends tt G G to Xif{D), then 

xADy' [Pfnjf)] cG\supp.F/, 

hence 

XTp)[supp.F/] cC\p^^^(/). 
Since the right hand side is closed, we conclude that 

(xTp)[supp.F/]r' cc\pf^ (/), 



which is equivalent to 

Next, we show the reverse inclusion 

(2.3) pf^ Jf) D C \ {Xff(i^) : vr G supp.F/}^' 



which will complete the proof. Suppose zq ^ {xfi-(£') : tt G suppJ-fY^ , and let 
£ > be such that \xTt{D) — zo\ > £, for all tt G suppJ-f. Let [/ = {z G C : 
\z — zo\ < e/2}, so that, for z G L/ and tt G suppJT/, one has |x7f(-D) — z\ > e/2. 
Define, for each z E U, the function ijjz G ^ IJ^^g EndcC-ffrr) by 

I I \ ) — TTv^ if TT G suppJ^/; 

[o if TT ^ suppjr/. 

Obviously i/'z S S{G\ since JF/ G 'S(G). It is easy to verify that the map z i-^ i/i^ is 
an analytic function from U to S{G), hence, as a consequence of Theorem 12. 11 the 
map z I— > !F~^il^z is an analytic function from U to G°°(G). Composing it with the 
continuous inclusion of G°°(G) in LP{G), wc obtain an analytic map (j> : U ^ '^fo 

defined as (t)z — T^'^tpz, for z E U. Since T[{Td,p — z)(t>z\ = T J by construction, we 
conclude that (rD,p — z)^^ = /, for z E U. Hence zq E pf^ (/) as requested. □ 

The proof of Theorem ll.2l is now completed by the following result: 
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Lemma 2.4. If D E Z{U{q)c), 1 < p < oo and f £ C°°{G), then in the extended 
positive real numbers 

lini \\n,pf\\l^" = snp{\x^{D)\ : vr G supp^/}. 
Proof. Suppose tt G supp J^/. Then 

\x.iD)n\^f{^)\\ = mTF>j)M\\ 

< I \n.pf{9)\\H9)\\d9 
Jg 

= dim(7r)V2||f»^/(5)||, 
<dim(7r)i/2||fi5,,/(.9)||p. 

Since ||J^/(7r)|| ^ 0, we conclude that 

|X*(Z?)| <limmf||r5,p/(.g)||y", 

hence 

sup{|Xff(i^)l : ^ e SUPP.F/} < liminf llT^p/llp. 
We will now proceed to show that 
(2.4) limsup||r5^^/||p < sup{|x*(i?)| : vr £ supp.F/}, 

n — ^oo 

which will conclude the proof of the lemma. We may assume that the right hand 
side is finite. Let g E G, then 

= ^dim(^)tr[.Fr^^p/(7r)7r(g-i)] 

ttGG 

= 5^ dimWx*(i?)"tr[.F/W45"')]- 

Hence 

\nj{9)\ < sup{|x*(i?)"| : ^ e SUPP.F/} • ^ dim(7r) \tr[T{^)^{g-^)]\. 

wed 

By Theorem 12. 1[ the series is bounded by a constant M, uniformly in g, so that 

r^.p/llp < M[sup{\x^iD)\ : TT e SUPP.F/}]", 
and ((2^ follows. □ 
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